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Abstract 

We consider the Cauchy problem in R", n > 1, for a semilinear damped wave equation with nonlinear memory. Global 
existence and asymptotic behavior as t — > oo of small data solutions have been established in the case when 1 < n < 3. 
Moreover, we derive a blow-up result under some positive data in any dimensional space. 
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1. Introduction 

This paper concerns with the Cauchy problem for the damped wave equation with nonlinear memory 

u„-Au + u t = f (?- sy 7 \u(s)\>' ds (>0,iel", 

Jo (1.1) 

u(Q,x) — uo(x), u t (0, x) — u\(x) x € R", 

where the unknown function u is real- valued, n>l,0<y<l and p > 1 . Throughout this paper, we assume that 

(m , «i) eH\W) xL 2 (l") (1-2) 

and 

suppw; c B(K) := {x e W : \x\ < K], K>0,i = 0,l. (1.3) 

For the simplicity of notations, ||- 1| 9 and ||- \\ H i (1 < q < oo) stand for the usual L 9 (R")-norm and H l (R")-norm, 
respectively. 

The nonlinear nonlocal term can be considered as an approximation of the classical semilinear damped wave 
equation 

u„ - Au + u, — \u(t)\ p 

since the limit 

lim 



r-ir(i- r ) 

exists in distribution sense, where F is the Euler gamma function. 

It is clear that this nonlinear term involves memory type selfinteraction and can be considered as Riemann-Liouville 
integral operator 



Email address: alunad.finoOiagniail.com (Ahmad Z. FINO) 
Preprint submitted to Elsevier 



September 8, 2010 



introduced with a = -oo by Liouville in 1832 and with a — by Riemann in 1876 (see Chapter V in |4D). Therefore, 
( II. U takes the form 

m« - Am + m, = J% t (\u\ p ) (f), (1.4) 

where or = 1 — y. 

In recent years, questions of global existence and blow-up of solutions for nonlinear hyperbolic equations with 



a damping term have been studied by many mathematicians, see 111 lL I12L I17L I22L 12411 and the references therein. To 
focus on our motivation, we shall mention below only some results related to Todorova and Yordanov B24I1 . For the 
Cauchy problem for the semilinear damped wave equation with the forcing term 

u„ — Am + u, — \u\ p , m(0) = mo, m,(0) = u\, (1.5) 

it has been conjectured that the damped wave equation has the diffuse structure as t — > oo (see e.g. fl El). This 
suggests that problem ( II. 5\ should have p c (n) := 1 + 2/n as critical exponent which is called the Fujita exponent 
named after Fujita BSD, in general space dimension. Indeed, Todorova and Yordanov B24I1 have showed that the critical 
exponent is exactly p c (n), that is, if p > p c (n) then all small initial data solutions of ( 11.5b are global, while if 1 < p < 
p c (n) then all solutions of (11.5b with initial data having positive average value blow-up in finite time regardless of the 
smallness of the initial data. Moreover, they showed that in the case of p > p c {n), the support of the solution of dl.5t 
is strongly suppressed by the damping, so that the solution is concentrated in a ball much smaller than < t + K, 
namely 

\\Du(t, • )lb(R»\, B (f I / 2+ ' 5 )) = 0(e~ ), as oo, 

where D := (d t , V t ). Furthermore, they proved that the total energy of the solutions of ( 11.51 ) decays at the rate of the 
linear equation, namely 

n ||l 2 (k«) 

Our goal is to apply the above properties founded by Todorova and Yordanov to our problem ( II. U with the 
same assumptions on the initial data. The method used to prove the global existence is inspired from the weighted 
energy method developed in j24Tl . On the other hand, the test function method (see 0,Q,|7, 14, 15, 7sl[l9|,[25l] and the 



\\Du(t,-)\\ L 2 (R n ) = 0(r n ^- 1/2 X as t 



references therein) is the key to prove the blow-up result. We denote that our global existence and asymptotic behavior 
as t — > oo for small data solutions are obtained in the case when 1 < n < 3, due to the nonlocal in time nonlinearity. 
While the blow-up result is done in any dimensional space. Let us present our main results. 
First, the following local well-posedness result is needed. 

Proposition 1. Let 1 < p < n/(n — 2) for n > 3, and p e (1, oo) for n — 1,2. Under the assumptions ( I7.2t - di.3l ) and 
y E (0, 1), the problem di.il ) possesses a unique maximal mild solution u, i.e. satisfies the integral equation di.22l l 
below, such that 

u e C([0, T mm ),H 1 (W)) n C'([0, T max ), L 2 (R")), 
where < r max < oo. Moreover, u(t, ■ ) is supported in the ball B(t + K). In addition: 

either T max = oo or else T m . dx < oo and \\u(t)\\ H i + ||w f (f)lb -» oo as t -> T m . dx . (1.6) 

Remark 1. We say that u is a global solution of dl.ll l if T m . dx = oo, while in the case of T max < oo, we say that u 
blows up in finite time. 

Now, set 

2(2 -y) 2(3 -2y) 4(3 - 2y) n + 2(5-4y) 

^ : = 1 + («-2 + 2y) + ' Pl : = 1 + («-2 + 2y )+ ' P2 1 + (n - 4 + 4y) + ^ " 3 1 + (n - 2 + 4y) + ' 

As 

(Py = n/(n - 2) = 1/y) <=> (y = (n - 2)1 n), 
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this imply, in the case when (n - 2)/n < y, that p y = max{l/y ; p y } < n/(n — 2). Moreover, p y < mini<„<3 (p„). 
We note that 

p y ,p\ -> 1 + 2/n = p c (n), p 2 -> (2y + l)/(2y- 1) > p c (2) and p 3 -> 2 > p c (3) as y -> 1. 
Our global existence result is the following 

Theorem 1. Lef 1 < n < 3, p > 1, y e (1/2, 1) for n — 1,2 and y e (11/16, 1) for n — 3. AssMme f/;a? f/ie initial 
data satisfy di.2t - d7.3l l smc/z f/iflf Hwollff 1 + II"iIIl 2 & sufficiently small. If p„ < p then the problem (17.7I > admits a unique 
global mild solution 

u e C([0, oo), H\W)) n C'([0, oo), L\W)). 

Note that, the requirement ye (11/16, 1) is just to assure that p^, < n/(n -2) when n = 3. 

The second result is the finite time blow-up of the solution under some positive data which shows that the assump- 
tion on the exponent in the above theorem (for n — 1 and y — » 1) is critical and it is exactly the same critical exponent 
to the semilinear heat equation u t - Au = \u\ p . Moreover, we conjecture that p\ will be the critical exponent of ( II. U 
which is the critical one to the corresponding semilinear heat equation u, - Au = J Q (t - sy y \u(s)\ p ds founded by 
Cazenave, Dickstein and Weissler HandFinoandKirane 0]. 



Theorem 2. 

Let 1 < p < n/(n — 2) for n > 3, and p e (1, oo) for n — 1,2. Assume that (n — 2)/n < y < 1 and (uq, u\) satisfy 
(T772T>-(f73T> such that 

Ui(x)dx>0, i = 0,1. (1.7) 



f 



If P < Py, then the mild solution of the problem (17.71 1 blows up infinite time. 

ii) Let n > 3 an<7 I < p < n/(n - 2). AiiMme f/iaf y < (n — 2)/n an<7 (mo, «i) satisfy (17.2b an<7 (17.7b . f/;en f/ie mr'Zrf 
solution of the problem blows up infinite time. 



As the by-product of our analysis in TheoremQ] we have the following result concerning the asymptotic behavior 
as t — » oo of solutions. 

Theorem 3. Under the assumptions of Theorem^ the asymptotic behavior of the small data global solution u of il.l\ 
is given by 

\\Du(t, ■ )|| £ 2 (RnB(( i/2 +i)) = 0(e-' 2 " 4 ), t -> oo, (1.8) 
that is the solution decays exponentially outside every ball B(t l ^ 2+S ), 5 > 0. Moreover, the total energy satisfies 

\\Du(t,-)\\ imn = 0(r" /4+ll2 -y), t -> oo, (1.9) 

for n = 1, 

\\Du(t,-)\\ L 2 m = 0(t 1/2 -7), f-»«, (1.10) 

/or n = 2 and 

HO«(f,-)lb(R-)=0(0, f^oo, (l.H) 

/or n = 3. 

As we have seen, we are restricted ourselves in the case of compactly supported data. This restriction leads us to 
the finite propagation speed property of the wave which plays an important role in the proof of the global solvability. 
The blow-up result and the local existence theorem could be proved removing the requirement for the compactness 
assumptions on the support of the initial data. For the glob al existence without assuming the compactness of support 
on the initial data, we refer the reader to H [lol fnTHol I2H1 where we have to take u e H^E") n L l (W) and 
mi e L 2 (R") n L'(E"). 

Remark 2. It is still open to show corresponding global existence of solutions, with small initial data, for p y < p < 
p„ (1 < n < 3) and for p 7 < p (n > 4). 



This paper is organized as follows: in Section [2] we present some definitions and properties concerning the 
fractional integrals and derivatives. Section [3] contains the proofs of the global existence theorem (Theorem[T|i and 
the asymptotic behavior of solution (Theorem[3]l. Sectionals devoted to the proof of the blow-up result (Theorem|2]i. 
Finally, to make this paper self-contained, we shall sketch the proof of the local existence of solution (Proposition [TJ 
in |Appendix A| 



2. Preliminaries 

In this section, we give some preliminary properties on the fractional integrals and fractional derivatives that will 
be used in the proof of Theorem[2] 

If AC[0, T] is the space of all functions which are absolutely continuous on [0, T] with < T < oo, then, for 
/ e AC[0, T], the left-handed and right-handed Riemann-Liouville fractional derivatives D^ t f(t) and D" T f(i) of order 
a e (0, 1) are defined by 

Dy(i) := d,Jl w a f(t) and D° T f(t) : = - *_ d, J (s - ty a f(s) ds, t e [0, T], (2. 1) 



where 



f (t-sr- l g(s)ds (2.2) 
1 T(a) Jo 

is the Riemann-Liouville fractional integral, for all g e L q (0, T) (1 < q < oo). We refer the reader to lfl3ll for the 
definitions above. Furthermore, for every f,ge C([0, T]) such that D^ t f(t), D L ^ T g(t) exist and are continuous, for all 
t € [0, T], < a < 1, we have the formula of integration by parts (see (2.64) p. 46 in 12311 ') 

j (D a Qll f)(t)g(t)dt = j f{t)(D a AT g){t)dt. (2.3) 



Note also that, for all / e AC" +1 [Q, T] and all integer n > 0, we have (see (2.2.30) in JJJ]) 

't\TJ ~ u t\T 



(-\fd n t .D"f = IX"/, (2.4) 



where 

AC" +] [0, T] := {/ : [0, T] ->R and &]f e AC[0, T]} 
and d" is the usual n times derivative. Moreover, for all 1 < q < oo, the following formula (see lfl3l Lemma 2.4 p. 74]) 

^o|/^ol/ = Idi*Q),T) (2.5) 

holds almost everywhere on [0, T] . 

In the proof of Theorem|2] the following results are useful: if w\(f) — (1 - f/T)J , t > 0, T > 0, <r » 1, then 

D^wi(f) = CT a (T - if-\ D^wtit) = CT a {T - t)™-\ D^ 2 wi(t) = CT a {T - t)^"- 2 , (2.6) 
for all a € (0, 1); so 

(D« r w 1 )(T) = 0, (D% T Wi)(0)=CT- a , (D^ Wl )(T)=0 and (p^wi) (0) = C T~ a ~ y . (2.7) 

For the proof of this results, see ||5i Preliminaries]. Furthermore, the following lemma is useful to prove TheoremQ] 

Lemma 1. ([3, Lemma 4.1 J) Suppose that < < 1 , a > and b > 0. Then there exists a constant C > depending 
only on a, b and 9 such that fot all t > 0, 

( C(l + t)~ rai »( fl+fl ' A > if max(a + 0,b)>l, 



f (f - rr fl (l + t - T y a (l + T)~ b dr < 
Jo 



C(l + ty mia(a+e ^ ln(2 + f) if max(a + 6», /?) = 1 , 



{ C(l + ty-"- e - h if max(a + 6,b)<\. 



Throughout this paper, positive constants will be denoted by C and will change from line to line. 
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3. Global existence and asymptotic behavior 

In view of the PropositionQ] global existence of a solution follows from the boundedness of its energy at all times. 
To obtain such a priori estimates, we shall proceed our proof based on the weighted energy method recently developed 
in Todorova and Yordanov ll24ll . We begin by defining 

f) = -(t + K- V(f + K) 2 - \x\ 2 ), \x\<t + K. (3.8) 

It is easily checked that ifr t < 0, 

O<0(jc,t)<! (3.9) 

and, since 



V(r + K) 2 - \x\ 2 <t + K- \x\ 2 /[2(t + K)], 

the function if/ satisfies the inequality 

\x\ 2 

iMx,t)>—^ . (3.10) 

4(f + K) ' 

Proof of Theorem [TJ Let u be the local solution of the problem ( II. Il l in [0, r max ). Let us introduce the energy 
functional 

W(t):=(l+ty\\Du(t,-)\\ 2 , (3.11) 

where 

j;=n/4- 1/2 + 7 0=1). ;':=r-l/2 (n=2) and j:=y (re = 3). 

We will show that W{t) < CIo, where Iq := \\uq\\ h i + \\u\W2 is small enough. This not only gives the global existence 
but also shows that, for n — 1 and y — » 1, the solution decays at least as fast as that of the linear part u tt - Am + u, — 0. 
For the rate of the linear problem, see ( 13.231 ) below. 

The estimate ( 13.1 U will be done by the following lemmas. 

Lemma 2. Let 1 < n < 3, y e (1/2, \)forn = 1,2 ared y e (11/16, V)forn = 3. For all 6 > and all t e [0, r max ), 
the following weighted energy estimate holds 

(1 + ty\\Du(t, ■ )|b < C/ + C(max(l + r/He'^ '^T, ■ )|| 2p )", (3.12) 

[0,t] 

where ft > n/4p + (2 — y)l p for re = 1,3 and ft > (2 — y)/ p for n — 2. 



Lemma 3. ( KlA Proposition 2.4]) Let 8(q) = n(l/2 - l/q) andO < 6{q) < 1, and let < cr < l.Ifu e ff^E") w/f/; 
5m/7/?m c B(f + /T), t > 0. T/ze« 

IIe ol/,(, '' ) M|I 9 < C K (l + tf-^^Vuttl-^^Vu^, . (3.13) 
where i//(t, x) is the weight function from &3.8h 

We postpone the proof of Lemma|2]to the end of this section. 
It follows from Lemma|2]that 



W(t) < CIo + C(max(l + Tf\\e mT MT, ■ )\\2 P Y- (3.14) 



On the other hand, Lemma[3]with q -2p and cr = 5 < 1 gives 

lle^'Vr.Olbp < C(l +T) 1 - e(2 " ))/2 ||VM||'- <5 ||e ,/ ' ( '-- ) VM^ 



< C(l +T) (l - e(2py>/2 - j W(T), (3.15) 



where we have used ( 13.91 ). 

Using ( 13.151 ), we obtain from ( 13.141 ) 



W(f) < CI Q + C (max(l + T y s+(1 - e(2rt)/2 ^V(r)) . (3.16) 



Set j6 = n l '4p + (2 - y)/p + v for n = 1,3 and p - (2 — y)/p + v for « = 2, v > 0, then if we compute the exponent of 
(t + 1) in the right side of (13.16b . we obtain 



p + (i-e(2p))/2-j = 



v- — [p(l- 2(1- y)ln)- 1-2(2 -y)/n], ifn=l, 
2p 

v-^b(l-4(l-r)M)-l-4(2-y)/n], ifn = 2, ( 3 .17) 

v - — [/?(1 + 2(2y - l)/«) - 2 - 4(2 - y)/n] , if n = 3. 

As p > p„, we deduce, choosing v small enough, that the quantities in ( 13.17b are negative. Hence, we can rewrite 
tEEHllike 

max W(t) < CIq + C(max W(t)) p . (3.18) 
Hit] [o,t] 

Now, write Iq = HmoIIh 1 + llwilta = Ce, for small s > which is determined later, and put 

r* = sup{f > : W(f) < 2Cs}. 

Then, ( 13.181 ) implies W(t) < Cs + Cs p . Therefore, taking small s such that Cs + Cs p < 2Cs we conclude that T* = oo 
( For details we refer the reader to | JJ, , Proposition 2.1] and |22, Proposition 2.1]), i.e. 

W(t) = (1 + ty\\Du(t, ■ )|| 2 < Cs, t> 0. (3.19) 

Thus we have completed the proof of Theorem[T] □ 

Proof of Theorem |3j The estimate ( 11.9b - ( 11.111 ) follows directly from ( 13.19b . Next, it follows from inequality 
(f3T9T>- d3TT0b and estimate ( T3~T9l > that 

Cs > \\e^Du(t, ■ )|| L z (R „ ) > \\e^ w+K) Du(t, • )|b(iifW/w» * e'' +M/4( ' +x) ||D«(f, ■ )|| l1( b, vw « M)) , 
where we have used the fact that j > 0, which implies d 1 . 8b - □ 

To show Lemma|2j we need a linear estimates for the fundamental solution of the following linear damped wave 
equation 

w tt - Aw + w t — 0, w(0, x) — uq(x), w,(0, x) — «i(x), (3.20) 
for r e (0, oo) x R". Let K (t), K x (t) be 

. sin{fa(|V|)} 



K (t) := cos{fa(|V|)}, A"i(f) := e 



where 



a(|V|) ' 
^l 2 -l/4, 1^1 > 1/2, 
. i-Jw^tf, Kl < 1/2. 



Note that # (0 + 1 /2A"i(?) = d,Ki(f). Then the solution of ( 13.20b is given (cf. UM) through the Fourier transform by 
K (t) and K\(t) as 

w(t,x) = K {t)*u + Ki{t)*\^u + u\. (3-21) 
The Duhamel principle implies that the solution u(t, x) of nonlinear equation ( II. lb solves the integral equation 

u(t,x) = w(t,x)+T(a) f ^i(f-T)*JgL(|«P)(T)JT, (3.22) 
Jo 

where a: := 1 — y and is given by (12.2b . We can now state Matsumura's result, on the estimate of Ko(t) and Ki{t), 
as follows: 



Lemma 4. ( U^J ) Iff e L m (W) n ff^^CR") (1 < m < 2), f/zen 

||flfV^l(0*/lb < C{\ + f)»/4-»/(2m)-|v|/2- i(||/L + 11/11^^). 

Proof of Lemma|2j We begin to estimate the linear term ||Z)vv(f, • )||2. It is not difficult to see, using Lemma|4]with 
m = I, that 

\\Dw(t, • )|b < C(l + f )-»/4-I/2 (||Mo||Ari + ||Mo||i + | |Mi || 2 + || Mi | (i) < c7q(1 + f) -„/4-l/2 < c/q(1 + t) -j (3 23) 

To estimate the nonlinear term in (13.22b . we have to distinguish two cases: 
• Case of n = 1, 3: Apply Lemma|4]with m = 1 to get 

/ := JT HflZxfr - r) * ^ T (|«n(r)|| 2 rfT < C J (f - r + ly"'^' 2 (\\J^ T (\u\P)(r)\h + ll^dM^WIb) ^ 

< C f (f-r+ ir' ,/4 - 1/2 (75 T || M (T)||^ + 75 T || M (T)||y rfr. (3.24) 

«^ 

To transform the Z/-norm into a weighted L 2p -norm, we use the Cauchy inequality 

ll"(T,-)ll£ = f |H(T,Jt)|'dx 

Jb(t+a:) 

\Jb(t+a:) / \Jb(t+a:) / 



for 5 > 0. From ( 13.10b . we have i^(r, x) > |x| 2 /4(t + for x e B(t + K), so the first integral is estimated as follows 

f e-W^dxZ f e-^ l2 ^dx< f e -^'^dx = l— (t + K)"' 2 . 

JB(t+K) JB{t+K) Jk» \P"I 

Thus, for the norm ||m(t, • )|| p in (13.24b we obtain the weighted estimate 

IWt, • )\f p < C k , s (t + Yf IA \\e s ^Mr, ■ )\f 2p , 6 > 0. (3.25) 
Next, as ifr > 0, the norm \\u(t, ■ )\\2 P in ( 13.24b can obviously be estimated by 

Mr, ■ )\f 2p < C s (r + l) nf4 \\e mT Mr, • )f 2p - (3.26) 

Combining (13.24b - (13.26b . we obtain 

I < C f (t - t + iy n/4 - l/2 f (r-o-)^((o-+ lr^'ll/^ V^OIbpy^o-t/r 
Jo Jo 

< C(max(r+ l^H/^M^OIbf f (? - t + ir" /4 - 1/2 f (r - crr r (l + o-y 2 ^ dcr dr. 
KM 'Jo Jo 

Using LemmaQ] we conclude that 

/ < C(l + f)^(max(T + YfWe^Mr, ■ )\\i P ) p - (3.27) 
Combining ( 13.23b and ( 13.27b . we obtain ( 13.12b . This complete the proof for n = 1,3. 
• Case of n — 2 : Apply here Lemma|4]with m = 2, we obtain 

/:= J ||D*i(f-T)*^(|«n(T)lbdT < C J o (t-T+iy 1/2 \\J^ T (\u\")(T)\\ 2 dT 

< c J^(t-T + iy m £(T-o-y y \\u(o-)\\p p do-dT. 
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Then 

J < C(max(r + if \\e mT 'Mr, ■ )h P ) p f (t-r + iy 1/2 f (r - oT r (l + cr)" 2 ^ da dr. (3.28) 
[o.'l Jo Jo 

By Lemma Q] ( 13.28b implies 

/<C(l+0" J '(nua(T+iy'||« iWT '- ) «(T,-)ll2p) p . (3-29) 
[0,r] 

Combining ( 13.23b and (13.291 1. we obtain ( 13.12b . This complete the proof for n = 2. □ 
4. Blow-up result 

In this section we devote ourselves to the proof of Theorem[2] We start by introducing the definition of the weak 
solution of ( 11. lb . 

Definition 1. (Weak solution) Let T > 0, y e (0, 1) and uq,u\ e ll (K"). We say f/iaf m is a wafc solution if 
u e Z/((0, 7), L^.(K")) and safis/zes 

T(a) I I /Qj f (|M| p )^ rfx A + I mi(x)c/j(0, x) ax + I Mo (jc)(^(0, x) — <ft(0, x)) dx 
Jo Jr" Jr" ' Jr» 

= I I u(f tt dxdt- I I utftdxdt— I I uAtpdxdt, (4.1) 
Jo Jr" ' Jo Jr" ' Jo Jr" 

/or all compactly supported function tp e C 2 ([0, T] X IR' ! ) swcn that <p(- , T) — ant/ c/> f (- , T) = 0, where a = 1 — y. 

Next, the following lemma is useful for the proof of Theorem [2] The proof of this lemma is much the same 
procedure as in the proof of Lemma 2]. 

Lemma 5. (Mild — > Weak) Let T > ami y € (0, 1). Suppose that 1 < p < n/(n - 2), if n > 3, ana" p e (1, cm), ;J 
n = 1,2. If ue C([0, 7 , ],.ff 1 (R B )) n C'([0, T], L 2 (M")) is fne mi/a" solution ofUJ\. then u is a weak solution ofSTl). 

Remark. We need the mild solution to use, in the proof of Theorem|2] the alternative ( 11.6b . Without this properties, 
we say that we have a nonexistence of global solution and not a blow-up result. 

Proof of Theorem |2j We assume on the contrary, using (11.6b , that u is a global mild solution of ( 11.1b . So, from 
Lemma|5]we have 



T(a) f f JZ t (\u\ p ) (pdxdt + f Ui(x)(p(Q,x)dx+ f 
Jo Jsuppcp Jsupptc Jsu 



uo(x)((p(Q, x) - (fi t (Q, x)) dx 

^suppc/) Jsapptp Jsuppc/? 

= I I u tpu dx dt - I I u (ft dxdt - j I m Ac/> ox a"? , (4.2) 

Jo Jsuppc/) Jo Jsuppc/> Jo JsuppAc/j 

for all T > and all compactly supported test function <p e C 2 ([0, T] x K") such that (/>(• , T) = and c/),(- , T) = 0, 
where or = 1 - y. Let c^(x, ?) = D^, f)) := O^, (</>i (x)tp 2 (t)) with c^i(x) := O (\x\/B) , c/j 2 (f) := (1 - t/T)* , where 
D" r is given by ( 12.1b . r\ » 1 and <£> e C°°(K + ) be a cut-off non-increasing function such that 



<X>(r) = 



1 if0<r<l 
ifr>2, 



< <t> < 1 and |<1> (r)| < Ci jr for all r > 0. The constant B > in the definition of c/>i is fixed and will be chosen later. 
In the following, we denote by Q.(B) the support of <p\ and by A(B) the set containing the support of A<p\ which are 
denned as follows: 

Q(B) = {x e W : \x\ < 2B}, A(B) = {x e W : B < \x\ < 2B}. 
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We return to ( 14. 2\ , which actually reads 

T(a) f f /"(iMlO^v^rff + f ki(x)Z)JL£((), + f m (jc)(Z)" £(0,*) - 3,Z)" (p(0,x))dx 

Jo Jn(B) Jn(B) Jn(B) 

= f f u d 2 D", T ipdxdt - f f u d,D", T <pdxdt - f f u AD? T ipdxdt. (4.3) 

Jo Jn(B) Jo JnfB) " Jo Jacb) 



«q(x)^j(x) dx 



Jil(B) JO j£2(B) JO JA(B) 

From (1231 ). d274b and d2?7b . we conclude that 

f f o V / oVI"n£ rf * A + c ' 7 '~ a f MiWrfW^ + c^ + r-"- 1 ) r 

Jo JCXB) JiXB) Jn( 

= C f f u{Li^'if)+D 1 ^*if)dxdt-C f f u A((p{)D% T <p 2 dxdt, (4.4) 
Jo Jn(B) Jo Ja(B) 

where is defined in (12. H . Moreover, using (12.51 ) and the fact that ( 11.71 ) implies (p*(x)Ui(x) > 0, / = 0, 1, it 
follows 

f f \u\ p Cpdxdt < C f f \u\<p{(D 2 + a <p2+Dl+ a <p 2 )dxdt 
Jo Ja(B) Jo Jn(B) 

+ C f f [Ml^dA^I + IV^iftD^^A 

JO JA(B) 

=: 7 1+ / 2 , (4.5) 

where we have used the formula A(^j) = fy^'A^i + - l)ip e ~ 2 \Vipi\ 2 and </?i < 1. Next we observe that by 
introducing the term {p l l p {p~ l l p in the right side of ( 14.51 ) and applying Young's inequality we have 

h<^- f f N^t/x^ + C f f ri<£ , ^\B%! x Vif +(D 1 + a n y')dxdt, (4.6) 
Jo Jn(S) Jo Jn(B) 

where p' = p/{p - 1). Similarly, 

h<^-[ f W$dxdt+C f f ^'^'^"(lA^r' + IV^^^'XD^)"'^^. (4.7) 

■*P Jo Jfl(B) Jo Jn(B) 

Combining d4~6l > and d4T7b . it follows from (1431 ) that 

P f H"^iA < C f T f i p[yl 1 ^- 1 \{D 2 + a n Y +(D\+ a <p 2 y')dxdt 
Jo Jn(B) Jo Jq(B) 

+ cf r r ^- 2p '^ 1/(P_1) (IA^iI p ' +\V n \ 2 r')(Dl Tn y' dxdt. (4.8) 
Jo Jn(B) 

At this stage, to prove i), we have to distinguishes 2 cases. 

• Case of p < p y \ in this case, we take B = T 1 ^ 2 . So, using ( 12.61 ) and the change of variables: s = T~ x t, y - T~ l * 2 x, 



we get from (14.81 ) that 

f f \uV<pdxdt < C (r- (a+2) "' +n/2+1 + r-(«+Dp'+»/2+i) ; (4.9) 
Jo Jncr 1 / 2 ) 

where C is independent of T. Letting T — > oo in (14. 91 ), thanks to p < p y and the Lebesgue dominated convergence 
theorem, it is yielded that 



r r 

J() JR" 



c/xt/f = 0, 
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which implies u(x, t) = for all t and a.e. x. This contradicts our assumption (11.7I >. 

• Case of p - p y : let B = RT^T 1 * 2 , where 1 <k R < T is such that when T — > oo we don't have R — > oo at the same 
time. Moreover, from the last case and the fact that p = p y , there exist a positive constant D independent of T such 
that 



\uf dxdt < D, 



Jo JR" 

which implies that 

|M|^t/jcif ^ as T -> oo. (4.10) 



Jo Jao 



On the other hand, using Holder's inequality instead of Young's one, we estimate the integral h in ( 14.51 ) as follows: 

7 2 <c(f f \u\ p ip) If f tp^'pf^k^f + \V<p 1 \ 2p ')(D" cp 2 y'dxdt) . (4.11) 

\Jo Jaw-'/ 2 ?- 1 / 2 ) / \Jo Jn(R-'/ 2 7-i/ 2 ) / 

Similarly to the last case, substituting ( 14.6b and ( 14.1 11 1 into ( 14.5b . taking account of p — p y and the scaled variable 

s = T~ l t, y = R l/2 T~ l/2 x, we get 

pT r I r T r ^ 1/p 

\u\ p dxdt <C(T-"'R-" /2 +R-" /2 ) + CR 1 -" /(2p ' ) [ \u\ p $ 
Jo Jn(R-" 2 T" 2 ) \Jo Ja(r-'/ 2 7-'/ 2 ) 



Letting T — > oo, using (14. 1 Ob . we get 

/-•CO 

< CR' n/2 , 



f f M 

JO JR N 



which implies a contradiction, when R — > oo, with ( 11.7b . This completes the proof of Theorem[2] i). 
For the proof of it), we have two possibility. 

• If 7 < (n -2)/n: let B — R with the same R introduced in the case p = p y . Then, taking the scaled variables 
s = T~ x t, y = /T 1 *, it follows from fi~8l l that 

f f \u\ p tpdxdt < CR"(T- (2+a)p ' +1 + T - (]+a)p ' +1 ) + cR"- 2p 'T- ap ' +1 . 
Jo Jn(«) 

As y < (n - 2)/n implies p < n/n - 2 < I/7, we get a contradiction with (11.7b by letting the following limits: first 
T — > 00, next /? — > 00. 

• If 7 = (n - 2)/n: we have p < n/(n - 2) = I/7 = p y . Using the first two cases, we get the contradiction. This 
completes the proof of Theorem|2j if). □ 



Appendix A. 

In this appendix let us sketch the proof of Proposition Q] Let us define a semigroup S(t) : HUR n ) x L 2 (W) -> 
fl^OR") xL 2 (R")by 



ll 


H > 


W 









where w s C([0, 00), ff^R")) n C'([0, 00), L 2 (R")) is the linear solution of d3?20l given by (t3T2Tb . So, view of dl22l . 
a mild solution of the nonlinear problem (11.1b is equivalent to following integral equation: 

U(f)=S(t)U + f S(t- s)F(s)ds, (A.l) 
Jo 
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where 



U(t) 



u(t, ■ ) 
u t (t, ■ ) 



U 



Uq 



F(s) 







J% u (\u\ p )(s) 

It sufficient now to prove the local existence of a solution of (1A.U in H l (W 1 ) x L 2 (M"). Let T > and consider the 
following Banach space 

£:={£/ = \ u , v) : (u, y) e C([0, r], ff^R") x L 2 (R")), supp M (f, • ) c B(K + t) and \\U\\ E < CM}, 



where 



l|£% := ll"llc([0,r]^i(M»)) + INIc([0,r];z,2(E»)) and M : = 



hi + P1II2. 



In order to use the Banach fixed point theorem, we introduce the following map <t> on E defined by 

O[U](t):=S(t)U + f S(t- s)F(s)ds. 
Jo 

Now, for U = (u, v) € E, we have 

H^ f (l M l p )( f )ll2 < ct l -y\\u{t, ■ )ig B < a l -y\\u{t, ■ )f m < ct l -y\\u\%, % e [o, n 



»2p 



where we have used the Sobolev imbedding H l (W) c L 2p (W). Next, using Matsumura's result (Lemma [4]i with 
m — 2 and the finite propagation speed phenomena, we deduce via the Banach fixed point theorem that there exists 
a local solution U € £ on a small interval [0, T] satisfies (lA.U . For details, we refer the reader to O, Theorem 3.2] 
and Jl Theorem 6]. By consequence, there exist a local solution u e C([0, T],H l (R")) n C\[0, T],L 2 (W)) satisfies 
(13.22I I and suppw(f, • ) c B(t + K). However, since our equation ( ll. U is nonautonomous, we prefer apply Gronwall's 
inequality to get the uniqueness (cf. |H Theorem 3.1]). Indeed, if u, v e C([0, T],H 1 (W)) n C'([0, T],L 2 (W)) are 
two mild solutions (i.e. satisfy (13.22b ) for some T > 0, we have 

IKt) - KOIIh' < C JT HX-j (f - t) * ^ t (|m|" - lonWIItf dr 

< C f {\+t-Tr ll2 \\J^{W-W)(T)\\ 2 dT 

JO 

< cf \\J% lT (\u\ p -\v\ p )(T)hdT, (A.2) 

where we have used again Matsumura's result (Lemma|4]i with m — 2. As \\u\ p - \v\ p \ < C\u - v\(\u\ p + \v\ p ), so by 
Holder's inequality (Ha^lb < llalbpll^lbp') with p' = p/(p - 1) and Sobolev's imbedding (H l c L 2p ), we obtain 

f \\J ] T (\ U \ P ~ WXfihdr < C f J^(\\u - ollflidlall^ 1 + \\v\\ P Hl l ))(T)dT 

< C f f (T-s)- y \\u(s,-)-v(s,-)\ydsdr 
Jo Jo 

Jo <fs 

Jo 

Combining ( IA.2I ) and ( IA.3b . we get 

\\u(t) - v(t)\y <c f (t - s) l -y\\u(s, ■ ) - v(s, ■ )\y ds. 

Jo 

Using Gronwall's inequality, it follows that u(t) = u(t). As a consequence of this uniqueness result, we can extend our 
solution u on a maximal interval [0, T max ). Moreover, if T max < 00, then \\u(t, ■ )\\ H \ + \\u t (t, ■ )|k — » co as t — > r max . For 
details, see J2, Theorem 3.1] and [7, Theorem 3.2]. 
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C | I (t - s) y \\u{s, ■ ) - v(s, ■ )\\ H i drds 
C I (f -s) l - y \\u(s,-)-v(s, Ollffi rf*. 



(A.3) 
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